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Abstract 
In this note we characterize nonnegative matrices A f’or which ilT = p(A). where pi.4) 
is a polynomial with nonnegative coefficients and p(O) # 0. Q 1998 Elsevier Science 
Inc. All rights reserved. 
K~JWYW& Nonnegative matrix; Normal matrix: Positive definite matrix 
In [l] Jain and Snyder posed the following question (see [l], p. 153): 
What is the structure of matrices A for which AT =p(A). where ~(-4) is a 
polynomial with nonnegative coefficients and p(O) # 0. 
Jain and Snyder gave some observations concerning the above question, but 
they have not been able to settle the question. Here we answer the above ques- 
tion. Our main result is as follows. 
Theorem 1. Let A be an nxn nonzero nonnegatice matrix. Then therc c,‘cists (1 
polynomialp(t) with nonnegative coeficients andp(0) # 0 such thclt AT = p(A) if’ 
und only $‘A = U(R1I ~3 A21)UT j or some orthonormal matrix U, whrrc 21 and 22 
are positive. 
In Order to show that the theorem holds we first do some preparations 
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An n x n real matrix A is Said to be positive definite provided that for each 
nonzero real n-dimensional column vector x we have xTAx > 0. 
Let A be a nonnegative matrix. By S we denote that S = i (A + AT) through- 
out this note. 
Lemma 1 [2]. An n x n real matrix A is positive dejinite if and only if 
S = 4 (A + AT) is positive dejinite. 
Lemma 2 [3]. Let A be a real normal matrix. Then the set of the realparts of all 
eigenvalues of A forms the spectrum of S. 
Lemma 3. Let A be an n x n nonzero nonnegative matrix. If there exists a 
polynomial p(t) with nonnegative coeficients and p(0) # 0 such that AT = p(A), 
then A is a positive dejinite matrix with at most two positive eigenvalues. 
Proof. Since AT = p(A) it follows that A is normal. From Proposition l(ii) [l] 
one concludes that the real part of each eigenvalue of A is positive. By Lemma 
2, S is positive definite. In view of Lemma 1 and Proposition 1 [l], A is a 
positive definite matrix with at most two positive eigenvalues. 0 
Proof of Theorem 1. “ + ” : Let A = U(A11 CB A2Z)UT for some orthonormal 
matrix U, where At and 22 are positive. Then we define a polynomial p(t) with 
nonnegative coefficients and p(O) # 0 as follows: 
p(t) = 
i 
21 if 2, = AZ, 
-$t*+z if1i #AZ, 
where ol = A1 + 1L2 and o2 = 11 A2. It is easy to see A satisfies that AT = p(A). 
“ + “: We consider the following two cases: 
Case 1: If the real Parts of all eigenvalues of A are equal, then from Lemma 2 
it is easy to obtain that S = U with 2 > 0. This implies that A = ,U and the re- 
sult holds. 
Case 2: If A has two eigenvalues such that their real Parts are different, then 
from Lemma 2 S has at least two different eigenvalues. In view of Conditions 
(30) and (31) [3], A and S have the same eigenvector set since A is normal. Since 
S is real Symmetrie there is an orthonormal matrix U such that USUT is diag- 
onal, and so is UAUT. This implies that A is symmetric positive definite. The 
result follows immediately from Lemma 3. 0 
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